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Parameterized Complexity: A Brief Introduction

k-Clique k-Dominating Set k-Vertex Cover
Input: Graph G = (V,E), integer k | Input: Graph G = (V,E), integer k | Input: Graph G = (V,E), integer k

Output: A subset S € V of size k
that induces a clique
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Parameterized Complexity: A Brief Introduction

k-Clique k-Dominating Set k-Vertex Cover
Input: Graph G = (V,E), integer k | Input: Graph G = (V,E), integer k | Input: Graph G = (V,E), integer k
Output: A subset S € V of size k Output: A subset S € V of size k
that induces a clique suchthat SUN(S) =V
|4 |4 /4
k=3 k=2 k=23
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Parameterized Complexity: A Brief Introduction

k-Clique k-Dominating Set k-Vertex Cover
Input: Graph G = (V,E), integer k | Input: Graph G = (V,E), integer k | Input: Graph G = (V,E), integer k
Output: A subset S € V of size k Output: A subset S € V of size k Output: A subset S € V of size k
that induces a clique suchthat SUN(S) =V that covers all edges
/4 |4 |4
k=3 k=2 k=3
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Parameterized Complexity: A Brief Introduction

k-Clique k-Dominating Set k-Vertex Cover
Input: Graph G = (V,E), integer k | Input: Graph G = (V,E), integerk | Input: Graph G = (V,E), integer k
Output: A subset S € V of size k Output: A subset S € V of size k Output: A subset S € V of size k
that induces a clique suchthat SUN(S) =V that covers all edges
/4 |4 /4
k=3 k=2 k=3

Is there any poly time Unlikely: all are
algo for the problems? NP-complete [Karp’72]
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Parameterized Complexity: A Brief Introduction

k-Clique k-Dominating Set k-Vertex Cover  pgrameter
Input: Graph G = (V,E), integer k | Input: Graph G = (V,E), integerk | Input: Graph G = (V,E), integer k
Output: A subset S € V of size k Output: A subset S € V of size k Output: A subset S € V of size k
that induces a clique suchthat SUN(S) =V that covers all edges
|4 |74 |4
k=3 k=2 k=3
? ? 2k . 0 time algo

Enumeration Algoirthm: n%®) time
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Parameterized Complexity: A Brief Introduction

k-Clique k-Dominating Set k-Vertex Cover  pgrameter
Input: Graph G = (V,E), integer k | Input: Graph G = (V,E), integerk | Input: Graph G = (V,E), integer k
Output: A subset S € V of size k Output: A subset S € V of size k Output: A subset S € V of size k
that induces a clique suchthat SUN(S) =V that covers all edges
|4 |74 |4
k=3 k=2 k=3
? ? 2k . 0 time algo

FPT Algo: f (k)n°M-time for some function f
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Parameterized Complexity: A Brief Introduction

k-Clique k-Dominating Set k-Vertex Cover  pgrameter
Input: Graph G = (V,E), integer k | Input: Graph G = (V,E), integerk | Input: Graph G = (V,E), integer k
Output: A subset S € V of size k Output: A subset S € V of size k Output: A subset S € V of size k
that induces a clique suchthat SUN(S) =V that covers all edges
|4 |74 |4
k=3 k=2 k=3
[Downey-Fellows’92] W{[1]-complete [Downey-Fellows'92] W[2]-complete 2k . n0M) time algo

FPT Algo: f (k)n°M-time for some function f
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Parameterized Complexity: A Brief Introduction

k-Clique ParaTEter k-Dominating Set Pa"’TEter
Input: Agraph G = (V,E), integerk Input: Agraph G = (V,E), integerk
Output: AsubsetS € V ofsize k Output: AsubsetS C V ofsize k
that induces a clique suchthat SUN(S) =V
V V
k=3 k=2
[Downey-Fellows’92] k-Clique is W[1]-complete [Downey-Fellows’92] k-DomSet is W[2]-complete

FPT Algo: f (k)n®M-time for some function f
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Parameterized Approximation

k-Clique PamTEter k-Dominating Set Pam’i”em
Input: Agraph G = (V,E), integerk Input: Agraph G = (V,E), integerk
Output: AsubsetS € V ofsize k Output: AsubsetS C V ofsize k
that induces a clique suchthat SUN(S) =V
V |74
k=3 k=2

FPT Approx Algo: g (k)-approx f (k)n°®-time for some function f, g
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Parameterized Approximation

k-Clique PamTEter k-Dominating Set Pam’i”em
Input: Agraph G = (V,E), integerk Input: Agraph G = (V,E), integerk
Output:  AsubsetS €V ofsize k/g (k) Output:  AsubsetS € V of size k
that induces a clique suchthat SUN(S) =V
|74 V
k=3 k=2

FPT Approx Algo: g (k)-approx f (k)n°®-time for some function f, g
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Parameterized Approximation

k-Clique PamTEter k-Dominating Set Pam’l”eter
Input: Agraph G = (V,E), integerk Input: Agraph G = (V,E), integerk
Output:  AsubsetS €V ofsize k/g (k) Output:  AsubsetS C V ofsize k - g(k)
that induces a clique suchthat SUN(S) =V
|74 V
k=3 k=2
Is there 1.1-FPT-approx. algo? Is there 1.1-FPT-approx. algo?

FPT Approx Algo: g (k)-approx f (k)n°®-time for some function f, g
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Parameterized Approximation

k-Clique PamTEter k-Dominating Set Pam’l”eter
Input: Agraph G = (V,E), integerk Input: Agraph G = (V,E), integerk
Output:  AsubsetS €V ofsize k/g (k) Output:  AsubsetS C V ofsize k - g(k)
that induces a clique suchthat SUN(S) =V
V |74
k=3 k=2
Is there o(k)-FPT-approx. algo? Is there 1.1-FPT-approx. algo?

FPT Approx Algo: g (k)-approx f (k)n°®-time for some function f, g
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Parameterized Approximation

k-Clique PamTEter k-Dominating Set Pam’l”eter
Input: Agraph G = (V,E), integerk Input: Agraph G = (V,E), integerk
Output:  AsubsetS €V ofsize k/g (k) Output:  AsubsetS C V ofsize k - g(k)
that induces a clique suchthat SUN(S) =V
1% |4
k=3 k=2
Is there o(k)-FPT-approx. algo? Is there g(k)-FPT-approx. algo for any g?

FPT Approx Algo: g (k)-approx f (k)n°®-time for some function f, g
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Complexity Assumptions

Exponential Time Hypotheses

Exponential time Hypothesis (ETH) /impagliazzo, Paturi’01]
No 2°(_time algo can decide whether a 3CNF formula is satisfiable

i

Strong ETH (SETH) [impagliazzo, Paturi’01]

For any constant € > 0, no 0(24 'S)n)—time algorithm
can decide whether a CNF formula is satisfiable

Parameterized Complexity

WI[1] # FPT Assumption [Downey, Fellows’92]

For any function f, no f(k)n®®-time algo can
decide whether a given graph contains a k-clique

!

WI[2] # FPT Assumption /Downey, Fellows'92]

For any function £, no f (k)n®®-time algo can decide
whether a given graph contains a dominating set of size k

Gap ETH (Gap—ETH) [Dinur’16] [M, Raghavendra’16]
For some constant 8§ > 0, no 2°M-time algorithm can
distinguish between a satisfiable CNF formula and one
which is not even (1 — §)-satisfiable.

Parameterized Inapproximability Hypothesis

(PlH) [Lokshtanov, Ramanujan, Saurabh, Zehavi’17]
For some & > 0 and any function £, no f(k)n°®-time
algo can distinguish between a satisfiable 2CSP instance
with k variables and alphabet size n and one which is
not even (1 — §)-satisfiable.
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Parameterized Inapproximability: Recent Developments

[Chen-Lin"16, KLM’18]

WI[1] # FPT § k-Dominating Set | k-Tournament Dominating Set
Require WI[P] = FPT ‘\v e [Marx 10] ¥ Minimum Monotone Circuit SAT [BCNS 14] " Target Set Selection
o . ” \' Q/W’
Theorems k-Odd Set Even Set
/F V4
| o SETH O k-Closest Vector Problem (B T3] Shortest Vector Problem
O Gap |
k-Steiner Orientation |« » Maximum Directed Multicut
k-Clique § Max Subgraph with Hereditary Property
Gap —] Max Induced Matching

Gap-ETH

k-Biclique

[CFM’18] | Strongly Connected

Densest k-Subgraph

Gap-l?rgservmg/ o [LRSZ'17) '| Steiner Subgraph
Amplifying o Directed Odd Cycle Traversal k-Mean
Reductions L18]

Max k-Coverage + k-Median

Parameterized Inapproximability Pasin Manurangsi



Part |:
Clique

Parameterized Inapproximability Pasin Manurangsi



Parameterized Inapproximability

k-Clique [Downey-Fellows’92]  k-Clique is W[1]-complete
g [Chen-Chor-Fellows-Huang-Juedes-Kanj-Xia’05]
Input: Agraph G = (V,E), integer k ETH = no f(k)n°®)-time algo for k-Clique

Parameter: k

Output: AsubsetS € V ofsizek
that induces a clique

|4

FPT Algo: f(k)n°M-time for some function f
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Parameterized Inapproximability

k-Clique
Input: A graph G = (V,E), integerk
Parameter: k

Output:  AsubsetS € V ofsizek/g(k)
that induces a clique

|4

FPT Approx Algo: g (k)-approx f(k)n°M-time
for some function f, g

[Downey-Fellows’92]  k-Clique is W[1]-complete
[Chen-Chor-Fellows-Huang-Juedes-Kanj-Xia’05]
ETH = no f(k)n°®)-time algo for k-Clique

[Bonnet-Escoffier-Kim-Paschos’15]
Gap-ETH = no constant factor FPT approx algo for k-Clique
[Chalermsook-Cygan-Kortsarz-Laekhanukit-M-Nanongkai-Trevisan’17]
Gap-ETH = no g(k)-approx f(k)n°*/909) time algo
for k-Clique for any g = o(k)

Inherently Enumerative

There exists § > 0 such that for any sufficiently large
k < r, no 0(n*)-time algo can distinguish between
- Clique(G) <k

- Clique(G) = r

Pasin Manurangsi
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Parameterized Inapproximability

k-Clique
Input: A graph G = (V,E), integerk
Parameter: k

Output:  AsubsetS € V ofsizek/g(k)
that induces a clique

|4

FPT Approx Algo: g (k)-approx f(k)n°M-time
for some function f, g

[Downey-Fellows’92]  k-Clique is W[1]-complete
[Chen-Chor-Fellows-Huang-Juedes-Kanj-Xia’05]
ETH = no f(k)n°®)-time algo for k-Clique

[Bonnet-Escoffier-Kim-Paschos’15]
Gap-ETH = no constant factor FPT approx algo for k-Clique
[Chalermsook-Cygan-Kortsarz-Laekhanukit-M-Nanongkai-Trevisan’17]
Gap-ETH = no g(k)-approx f(k)n°*/909) time algo
for k-Clique for any g = o(k)

Inherently Enumerative

There exists § > 0 such that for any sufficiently large
k < r, no 0(n®*)-time algo can distinguish between
- Clique(G) <k

- Clique(G) = r

Pasin Manurangsi
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Proof Sketch: Inherently Enumerability of k-Clique

3SAT Instance @ Clique Instance G
Size:n Size:N =71 - 20(n/k)
ﬁ
YES: val(d) =1 YES: Clique(G) = r
NO: val(®) < 0.99 NO: Clique(G) < k
Lower Bound: 22(%) Lower Bound: N %)

GOAL

Assuming Gap-ETH, there exists § > 0 such
that for any sufficiently large k <, no
O(N%F)-time algo can distinguish between
Clique(G) <k
Clique(G) =r
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S —
Proof Sketch: Inherently Enumerability of k-Clique

35AT Instance ® Clique Instance G [Bellare-Goldreich-Sudan’98]

96
Size:n Size: N = r - 200/K) bick all partial assignments' pS vasjser—Lovasz—Safra—Szegedy’96]
YES: val(®) =1 YES: Clique(G) =r e .
f a satisf t!
NO: val((l)) < 099 NO Cllque(G) S k OT a SatistyIng assignmen

- Random subsets §3, S5, ..., S, of 1000m/k clauses
- For each §;, create one vertex for a partial assignment to S;
- Join two vertices by an edge if they are consistent

(X1 V x3 VXs5)
A (X3 VX4V Xg)

A (X VX4V Xg) Ao S ={(x1Vx3VXx5)} S, ={(3VxyVXxe)}

{x; =0,x3 =0,x5 = 0} {x3=0,x, =0,x5 =0}
m = # of clauses

{x; =0,x3 =1,x5 = 0} {x3=0,x4 =0,x5 =1}
Assume w.l.o.g. m = 0(n) >

{x;=1,x3=1,x5 =1} {x3=1,x4,=0,x5 =1}
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Proof Sketch: Inherently Enumerability of k-Clique

GOAL: val(®) < 0.99 = Clique(G) < k Suppose that Clique(G) = k

S1={(x1 Vx3VXxs)} S;={(3VxsVXx)} Sr ={(Xs VX, VX 1)}
{x; =0,x3 =0,x5 = 0} O {x3=0,x4 =0,x5 =0} O {x3=0,x4 =0,x5 = 0}
{x; =0,x3 =1,x5 =0} O {x3=0,x4 =0,x5 =1} O {x3=0,x4 =0,x5 =1}

{x; =1,x3=1,x5 =1} O O {x3=1,%,=0,x5 = 1} O {x3=1,x, =1,x, = 1}
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Proof Sketch: Inherently Enumerability of k-Clique

GOAL: val(®) < 0.99 = Clique(G) < k Suppose that Clique(G) = k

S1= {(xl VX3V x_S)} Sy = {(x_S VXV x_6)} Sy = {(x_s VixpV xn—l)}

{xg == O,x4 == O,x6 == 0}

{x; =0,x3 =1,x5 =0}

X3 = 1,X4 = O,x6 = 1}

Let these vertices be | An assignment that satisfies all N (@) > 0.99
from S; ,Si,, ) Sy, | clauses in Si, US;, U--U S, " val(®) = 0.
Recall S, Si,, e+, 8, are random ‘ With high probability,
subsets of clauses of size 1000m /k ] S;, US;, U--US;, | =0.99m QED!

Parameterized Inapproximability Pasin Manurangsi



Part |l;
Dominating Set

Parameterized Inapproximability



Parameterized Inapproximability

k-Dominating Set [Downey-Fellows’92] k-Dominating Set is W[2]-complete
[Chen-Chor-Fellows-Huang-Juedes-Kanj-Xia’05]

ETH = no f(k)n°®-time algo for k-Dom Set
[Patrascu-Williams’10]

SETH = no f(k)n* ~¢-time algo for k-Dom Set

Input: A graph G = (V,E), integerk
Parameter: k

Output: AsubsetS € V ofsizek
suchthat SUN(S) =V

|4

FPT Algo: f(k)n°®-time for some function f

Parameterized Inapproximability

Pasin Manurangsi




Parameterized Inapproximability

k-Dominating Set [Downey-Fellows’92] k-Dominating Set is W[2]-complete
[Chen-Chor-Fellows-Huang-Juedes-Kanj-Xia’05]

ETH = no f(k)n°®-time algo for k-Dom Set
[Patrascu-Williams’10]

SETH = no f(k)n* ~¢-time algo for k-Dom Set

Input: A graph G = (V,E), integerk

Parameter: k

Output:  AsubsetS C V ofsize g(k) - k
suchthat SUN(S) =V

%4
[Chen-Lin’16] W[1] # FPT = no constant factor FPT
approx algo for k-Dom Set
[Karthik-Laekhanukit-M’18]
W[1] # FPT = no FPT g(k)-approx algo for k-Dom Set
= k)- k)n°®tj k-
FPT Approx Algo: g (k)-approx F(k)n®@-time ETH = no g(k)-approx f(k)n°"-time algo for k-Dom Set

SETH = no g (k)-approx f(k)n* ~¢-time algo for k-Dom Set
[Lin’18] Alternative (beautiful) proof

Parameterized Inapproximability Pasin Manurangsi

for some function f, g




.
Proof Sketch: Total Inapproximability of k-Dom Set

Overview

SAT

k-Dom Set

k-Cligue
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Proof Sketch: Total Inapproximability of k-Dom Set

Overview
SAT “Gap-Producing” Step
y [Feige’98
[ALW’14] k-Sum Max Cover k-Dom Set
CCKLMNT’17]

k-Cligue

Key: Communication Protocol = hardness of approximation
“Distributed PCP” framework of [Abboud-Rubinstein-Williams’18]
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Proof Sketch: Total Inapproximability of k-Dom Set

IS Max Cover
~>um Input: A bipartite graph (U; U ---U Up, W U ---U Wy, E)

Input: k sets of n integers Parameter:

Aq, ..., A, © [-n%K, n?*]
Output: Whether there exists Super-nodes

U, o

a, €EAq, ...,a, € Ay s.t. w,

a; + -+ a, =0

. y W,
[Abboud-Williams-Lewi’14] U,
k-Sum is W[1]-complete
ETH = no f(k)n°®-time algo for k-Sum W

3
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Proof Sketch: Total Inapproximability of k-Dom Set

IS Max Cover
UM Input: A bipartite graph (U; U ---U Up, W U ---U Wy, E)

Input:  k sets of n integers Parameter: k

A A, C [—n2k nZR] Output: wy; € W4, ..., wy,, € W), that “covers”

Lreer 0k = ’ maximum number of vertices in U

Output: Whether there exists U Super-nodes

a, € Aq, ...,a; € Ay, st. o b W,

aq + -+ ap = 0 1

. , W,
[Abboud-Williams-Lewi’14] U, 2
k-Sum is W[1]-complete
ETH = no f(k)n°®-time algo for k-Sum W

3/V3
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Proof Sketch: Total Inapproximability of k-Dom Set

IS Max Cover
~>um Input: A bipartite graph (U U ---U Uy, W; U ---U W, E)

Input:  k sets of n integers Parameter: k

A A, C [—n2k nZR] Output: wy; € W4, ..., wy,, € W), that “covers”

Ly 0 = ’ maximum number of vertices in U
Output: Whether there exists ’ Super-nodes
L (o

a; € A4, ...,a; € Ay s.t. e W,

aq + -+ ap = 0 1
[Abboud-Williams-Lewi’14] U, , W2

k-Sum is W[1]-complete
ETH = no f(k)n°®-time algo for k-Sum
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Proof Sketch: Total Inapproximability of k-Dom Set

IS Max Cover
—>um Input: A bipartite graph (U U ---U Uy, W; U ---U W, E)
Input:  k sets of n integers Parameter: k
A A, C [—n2k nZR] Output: wy; € W4, ..., wy,, € W), that “covers”
Lreer 0k = ’ maximum number of vertices in U
Output: Whether there exists ’ Super-nodes
a, € Aq, ...,a; € Ay, st. o b W
covere 1
aq + -+ ap = 0 1
. , W,
[Abboud-Williams-Lewi’14] U, 2
k-Sum is W[1]-complete
ETH = no f(k)n°®-time algo for k-Sum uncovered| Q== __
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.
Proof Sketch: Total Inapproximability of k-Dom Set

k-Sum Instance (44, ..., Ag) Max Cover Instance G
Size: n Size: N = nl*o(@)
Parameter: k P Parameter: k
YES:da; € Ay, ...,a, EAp, a1+ +a, =0 YES: MaxCover(G) = h
NO:Va, € A4, ...,ax € Ay, a; + -+ a =0 NO: MaxCover(G) < h/r
ETH Lower Bound: nf(%) ETH Lower Bound: N 2@
W|[1]-hard W/[1]-hard
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.
Proof Sketch: Total Inapproximability of k-Dom Set

k-Sum Instance (44, ..., Ag) Max Cover Instance G
Size: n Size: N = nl*o(@)
Parameter: k P Parameter: k
YES:da; € Ay, ...,a, EAp, a1+ +a, =0 YES: MaxCover(G) = h
NO:Va, € A4, ...,ax € Ay, a; + -+ a =0 NO: MaxCover(G) < h/r
ETH Lower Bound: nf(%) ETH Lower Bound: N 2@
W|[1]-hard W/[1]-hard

Key: Communication Protocol = hardness of approximation
“Distributed PCP” framework of [Abboud-Rubinstein-Williams’18]
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V000V
Communication Model: Simultaneous Message Passing (SMp)

Public randomness r € [R]

(o

Player 1

_ ™

0/1 «— Referee

Player 2

SMP Protocol:

1. Everyone together tosses random coin

Player k

2. Each player sends a message to referee
3. RefereeoutputOor1l

Parameterized Inapproximability Pasin Manurangsi

Input

a,

a;

Goal: Compute
f(ay4, ...,a;) € {0,1}

Guarantee
Completeness:

If flaq,...,a;) =1,
then always output 1.
Soundness:

If f(aq,...,a;) =0,
output O w.p. 1/2.




]
Zero-Sum Communication Problem

Public randomness r € [R] Input Goal: Compute
3 Player 1 a, 1lay + -+ a; = 0]
0/1 «— Referee Player 2 | a2
Guarantee
Completeness:
If flaq,...,a;) =1,
SMP Protocol: then always output 1.
1. Everyone together tosses random coin Player k a, Soundness:
2. Each player sends a message to referee If f(ay, ..., ar) =0,
3. Referee outputOor1 m output O w.p. 1/2.
[—M, M]
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]
Zero-Sum Communication Problem

, Input
Public randomness r € [R] P Goal: Compute
3 Player 1 a, 1lay + -+ a; = 0]
Player 2 a
0/1 «— Referee Y 2
Guarantee
Completeness:
fa; +--+a, =0,
SMP Protocol: then always output 1.
1. Everyone together tosses random coin Soundness:
Player k ap
2. Each player sends a message to referee fay + -+ a; #0,
3. Referee outputOor1 m output O w.p. 1/2.
[—M, M]
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]
Zero-Sum Communication Protocol

Public randomness r € [R] Input Goal: Compute
R ~ 10 log Mk O Jplayer1 | a lag +-+a; = 0]
0/1 «— Referee Player 2 | a2
Guarantee
Completeness:
fa; +--+a,=0,
SMP Protocol: then always output 1.
1. Pickarandom prime Soundness:
i Player k Ak fa; + - +a, =0,
m output O w.p. 1/2.
[—M, M]
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]
Zero-Sum Communication Protocol

Public randomness 1 € [R] Input Goal: Compute
R ~ 10 log Mk Player1 | ay l{ay + -+ a, = 0]
0/1 «—— Referee Player 2 | @z
Guarantee
Completeness:
fa; +---+a, =0,
SMP Protocol: then always output 1.
1. Pickarandom prime p,. Soundness:
2. Playerisends a; mod p,. Player k % fay + -+ a; #0,
3. Referee output 1 iff the sum is 0 mod p, m output O w.p. 1/2.
[—M, M]
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Communication Protocol = k-Sum =Max Cover

Public randomness 1 € [R] Input Goal: Compute
R ~ 10 log Mk Player1 | ay l{ay + -+ a, = 0]
0/1 «—— Referee Player 2 | @z
Guarantee
Completeness:
fa; +---+a, =0,
SMP Protocol: then always output 1.
1. Pickarandom prime p,. Soundness:
2. Playerisends a; mod p,. Player k % fay + -+ a; #0,
3. Referee output 1 iff the sum is 0 mod p, m output O w.p. 1/2.
[—M, M]
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.
Communication Protocol = k-Sum =Max Cover

Input

k-Sum Problem
Player 1 aq Given Alr ,Ak S [—M, M],
determine whether there exist

a; € A4, ..., a; € A, such that
Player 2 a, a;+-+ag=0

Public randomness r € [R]
R ~ 10 logMk

QPr
OA“\O

0/1 «— Referee

SMP Protocol:
1. Pickarandom prime p,
Player k a
2. Playerisends a; mod p, Y g
3. Referee output 1 iff the sumis 0 mod p., m
[—M, M]
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Communication Protocol = k-Sum =Max Cover

Nodes = Accepting Configurations

O @ A k-Sum Problem

pl = 2 O @ 1 Given Alr ...,Ak € [—M,M],
O
O

@ determine whether there exist
a; € A4, ..., a; € A, such that

a ++ag=0
Pz=3. Ay

Parameterized Inapproximability Pasin Manurangsi




Communication Protocol = k-Sum =Max Cover

Nodes = Accepting Configurations Edges = ConS|stency

(0,0,0) /() A k-Sum Problem
P1 = 2 (1,1,0) O x YO 1 Given Alr ...,Ak (S [—M, M],
(1,0,1) O determine whether there exist
0,1,1) a, € A4, ..., ay € Ay such that
A3
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Communication Protocol = k-Sum =Max Cover

Nodes = Accepting Configurations Edges = Consistency

(0,0,0) k-Sum Problem

p1=2 (1,1,0) Given Ay, ..., A, € [—M, M],
(1,0,1) determine whether there exist
(0,1,1) a; € A4, ..., ay € Ay, such that

aj+-+a,=0

|
w

D2
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Communication Protocol = k-Sum =Max Cover

Nodes = Accepting Configurations Edges = Consistency

(0,0,0) k-Sum Problem
P1=2 (@110 3 Given Ay, ..., A, € [—M, M],
(1,0,1) - 9 determine whether there exist

0,1,1) N a, € A4, ..., ay € Ay such that
a,+-+a,=0

Key Observation
A Supernode is covered iff
Referee acceptson aq, ..., aj
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.
Communication Protocol = k-Sum =Max Cover

Nodes = Accepting Configurations Edges = Consistency

a
(0,0,0) A k-Sum Problem
p1=2 (1,1,0) 1 Given Ay, ..., A, € [—M, M],
(1,0,1) determine whether there exist
(0,1,1) a, € Ay, ..., a; € Ay such that
a, a,+-+a,=0
pz = 3 AZ
: YES = MaxCover(G) = h
Key Observation NO = MaxCover(G) < h/2
A Supernode is covered iff

Referee acceptson ay, ..., ag
‘ : A3 Remark: Size of G depends on

parameters of the protocol

Fraction covered = Pr[Ref acceptson aq, ..., aj]
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Recap

k-Sum Instance (44, ..., Ay)
Size:n = |Aq| + -+ |Ag|

Parameter: k

YES:da, € A4, ...,a E Ay, a1 +--+a, =0
NO:Va, € Aq,...,a €E A, a1 + -+ ap #0

l SMP Communication

Protocol for Zero-Sum

Max Cover Instance G
Size: N = n1to(1)
Parameter: k

YES: MaxCover(G) = h
NO: MaxCover(G) < h/2

Parameterized Inapproximability Pasin Manurangsi




-kt 4V e
A General Framework

Product Space Problem (44, ..., Ay)

Size:n = |A{| + -+ + |Ag]

Parameter: k

YES:daq € Ay, ...,ax €Ay, f(aq, -, a;) =1

NO:Va, € Aq,...,a; € Ay, f(aq, -, a;) =0
SMP Communication
Protocol for f

Max Cover Instance G
Size: N = n1to(1)
Parameter: k

YES: MaxCover(G) = h
NO: MaxCover(G) < h/2
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Cligue as Product Space Problem

k-Clique Product Space Problem
Input: Agraph G = (V,E), integer k Input: Ay == A(,Z() =E
Parameter: k Parameter: (’;)
Output: AsubsetS € V ofsizek Predicate:
thatinduces a clique f “checks that the edges form a clique”
|74
k=3

Pasin Manurangsi
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Cligue as Product Space Problem

k-Clique Product Space Problem
Input: Agraph G = (V,E), integer k Input: Aaz) = = Ag=1k) = E
Parameter: k Parameter: (12()

Output: AsubsetS € V ofsizek
that induces a clique

Predicate:
f “checks that the edges form a clique”

V More formally:
f((vli Uz), (Ul; U3), cee ) (Uk_l, ”Uk)) =1
k=3 iff, for all i € [k], v;’s are all equal
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Consistent Clique Communication Problem

Input Informal Goal:
Player (1,2) (V1,V2) “Check thqt thfz edges
form a valid clique”
Player (1,3 V4,V
0/1 «— Referee ver (1.3) W1v3) e Output 1 iff

foralli € [k], v;
received by different
players are the same

Player (k -1, k) (vk—l) vk)

Parameterized Inapproximability

Pasin Manurangsi



Consistent Clique Communication Problem

, Input
Public randomness r € [£] P Informal Goal:
Plaver (1,2 vy, V “Check that the edges
Y ( ) ( 1 2) form a valid clique”
Player (1,3 V4,V
0/1 <= Referee ver (1,3) (V1,v3) Goal: Output 1 iff

forall i € [k], v;
received by different
players are the same

SMP Protocol:

1. Selects random positionr € [£] Plaver (k — 1, k) | (Vk-1, Vi) Error Correcting Codes

2. Player (i,j) sends (¢ (v;);, §(v)),) to referee m ¢: [n] = {0,1}" such that
3. Referee checks that ¢p(v;),- are all equal E A((p(};c))’r(zl(l};));:yo.l ’
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-kt 4V e
A General Framework

SMP Protocol for
WI[1] # FPT k-Clique Consistent-Clique

SMP Protocol for
Consistent-Assignment [Feige’98]
ETH SAT Max Cover I——> k-Dom Set
[CCKLMNT’17]

SMP* Protocol
SETH k-Orthogonal Vector for Distjointness

[Lin’18] Alternative approach that doesn’t use communication protocols...
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Repeated Gap Amplification
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-
Dinur’s Proof of PCP Theorem

PCP Theorem Cligue is NP-hard to approximate to within 2 factor

Gap Amplification Step
Only works for ) ) ;
non-parameterized Clique G Clique G
(NP_hard) regime! Size:n P! Size: 100N
Gap: 1+ ¢ Gap: 1+ 2¢
NP-hard ] NP-hard lo g7 times NP-hard
) ap . .
Clique Gy | pmpiification | Cliaue G2 , . v | Clique Gipgn
Size: n ﬁ Size: 100n ﬁ an ﬁ Size: poly(’n)
Gap: 1+ 1/n Gap:1+2/n Gap: 2
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Gap Amplification for k-Clique?

Parameterized PCP Theorem? Clique is W[1]-hard to approximate to within 2 factor

GRO? = (V xV,E®?)
(U, uy) ~ (vq,vy) iffu; ~uy, and vy ~ v,

G = (V,E)

Tensor Product
—

Clique(G®?)
= Clique(G)?
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Gap Amplification for k-Clique?

Parameterized PCP Theorem? Clique is W[1]-hard to approximate to within 2 factor

GRO? = (V xV,E®?)

G=(V,E :
Gap Amplification Step (V. £) (uy,u2) ~ (v1,v7) iff g ~ 1wz and vy ~ vy
Tensor Product
k-Clique G k*-Clique G’ —— N
Size:n by Size: 2 Cligwe(G®? =4
Gap:1+¢ Gap: 1+ 2¢ O_O _ quiqz(te(G))z
W[1]-hard W(1]-hard log k times W[1]-hard
. Gap 2 o . .
k-CIIque Gl Amplification k -Cllque GZ ! ! kk_CIlque Glog k Too large!
Size:n f——| Size: 72 p— o —| Si7o: 17K —Docsn't give any
Gap: 1+ 1/k Gap: 1+ 2/k Gap: 2 lower bound
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e
Gap Amplification: a success story

Theorem [Wlodarczyk’19] k-Steiner Orientation (k-SO) is W[1]-hard to approximate to within (log k)°M factor

[Dinur’07] [Wilodarczyk’19]
Gap Amplification Step Gap Amplification Step

Clique G Clique G’ k-SO 1 h(k)-SOTI'

Size:n =P Size: 100N Size:n pPp Size: f(k) -1

Gap: 1+ ¢ Gap: 1 + 2¢ Gap: 1+ ¢ Gap: 1 + 2¢

W[1]-hard W[1]-hard log k times W[1]-hard

k-SOLy | aoomenion | RG-SO Ty | ' . | (.. (R(K) ...)-S0 Giog i
Size:n [l Size: f() 1 (re—p +: —| Size:f (R(...(R(K)) ...) s f(R)
Gap:1+1/k Gap: 1+ 2/k Gap: 2
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k-Steiner Orientation (k-SO)

Input: A mixed graph G = (V, E),
k terminal pairs (s1,t1), .., (Sk, tx)

IQ 'O
1_ B _Q,',

5 d b

Parameterized Inapproximability
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k-Steiner Orientation (k-SO)

Input: A mixed graph G = (V, E),
k terminal pairs (s1,t1), .., (Sk, tx)
Parameter: k

Output:  Orientation of undirected edges
that maximizes pairs s; = t;

e

o J e

)
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k-Steiner Orientation (k-SO)

Input: A mixed graph G = (V, E),
k terminal pairs (s1,t1), .., (Sk, tx)
Parameter: k

Output:  Orientation of undirected edges
that maximizes pairs s; = t;

Sl SZ S3
@ o
4 /l
Y 4
¢ o
i3 2] ty
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k-Steiner Orientation (k-SO)

Input: A mixed graph G = (V, E),
k terminal pairs (s1,t1), .., (Sk, tx)
Parameter: k

[Cygan-Kortsarz-Nutov’13]
k-Steiner Orientation is solvable in n®®) time

Output:  Orientation of undirected edges [Pilipczuk-Wahlstrom’16]
that maximizes pairs s; — t; k-Steiner Orientation is W[1]-hard
S S5 S [Wlodarczyk’19]
O Q k-Steiner Orientation is in W[1]
II //
== ) [Wlodarczyk’19]
/ / k-Steiner Orientation is in W[1]-hard to
d d approximate to within (log k)°™) factor
ts ty t,
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Wlodarczyk’s Gap Amplification Step

[Wilodarczyk’19]

Gap Amplification Step

k-SO 1 h(k)-SOTI'
Size: n =P Size: f(k) - n
Gap:1+¢ Gap: 1 + 2¢
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Wlodarczyk’s Gap Amplification Step

[Wilodarczyk’19]

Gap Amplification Step

k-SO I Ktlsor
Size:n | Size: O(k* - n)
Gap:1+1/k Gap: 1+ 1.1/k

II
SO Instance I SO Instance

GI, S,',t’- .
G, {(si, )ik s Eo)kiepe

Sirer 71 Size: 0(k* - n)
' Parameter: k' = kk*1
Parameter: k , ,
YES: OPT(I") = k

YES: OPT(I) = k
NO: OPT(I') <
NO: OPT(I) < k — 1
) = K'(1—1.1/k)
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Wlodarczyk’s Gap Amplification Step

k copies of G
Sl SZ Sk i
O—O On -O—O0———O [0 0—O O—O0—0
G G1 Gy G
-O0—0O O- -0—O0—O' "O—O0—O -O—O0—O
tl tz tk
O—O0——O
II
SO Instance I SG(,) I{n(st,a n:::’e »
A ) fiernt
G; {(Si; ti)}iE[k] Sjze: O(I;k ] :1) telic] GBZ
Size:n Parameter: k' = kk*1
Parameter: k YES: OPT(I') = K’ -O—0O0——O
YES: OPT(I) = k NO. OPT(I") < : i
: k'™ copies of G
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Wlodarczyk’s Gap Amplification Step

k copies of G
Sl SZ Sk i
OO O -O—O0——0O7 [O—0——O -O0—0—O
G G% G% - G’]C_

-O0—O O 'O—O—.'\'O’._._Oj.‘;o -O—O0——O
t, oty .ty

II
SO Instance I SG(’) I{n(st?n;:’e)}
). y WS U idsier) 2
ek Size: O(k* - ) Gizk,..1)
. Parameter: k' = kk*1
Parameter: k VES: OPT(I') = K
VES: OPTU) = K NO: OPT(I') < ' '
e a-tvi k* copies of G
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Wlodarczyk’s Gap Amplification Step

k copies of G
Sl SZ Sk i
OO O -0—@———0O [O—0—O -O0—0—O
G G% G% - G’]C_

-O0—O O 'O—O—.‘\'Oﬁ._._oj.‘;o -O—O0——O
t, oty .ty

II
SO Instance I SG(’) I{n(st?n;:’e)}
). y WS U idsier) 2
ek Size: O(k* - ) Gizk,..1)
. Parameter: k' = kk*1
Parameter: k VES: OPT(I') = K
VES: OPTU) = K NO: OPT(I') < ' '
e a-tvi k* copies of G
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Wlodarczyk’s Gap Amplification Step

k copies of G
Sl SZ Sk i
OO O -0—@———0O [O—0—O -O0—0—O
G G% G% - G’]C_

-0—0——O- w 00—
ty tp ..ty

II
SO Instance I SG(’) I{n(st?n;:’e)}
). y WS U idsier) 2
SG|ze{(: Ohern Size: O(k* - ) Giok,...1)
. Parameter: k' = kk*1
Parameter: k VES: OPT(I') = K
VES: OPTU) = K NO: OPT(I') < ' '
e a-tvi k* copies of G
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Wlodarczyk’s Gap Amplification Step

k copies of G
Sl SZ Sk i
OO O -0—@———0O [O—0—@ -O0—0—O
G G% G% - G’]C_

-0—0——O- w 00—
ty tp ..ty

II
SO Instance I SG(’) I{n(st?n;:’e)}
). y WS U idsier) 2
SG|ze{(: Ohern Size: O(k* - ) Giok,...1)
. Parameter: k' = kk*1
Parameter: k VES: OPT(I') = K
VES: OPTU) = K NO: OPT(I') < ' '
e a-tvi k* copies of G
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Wlodarczyk’s Gap Amplification Step

k copies of G
Sl SZ Sk i
OO O -0—@———0O [O—0—@ -O0—0—O
G G% G% - G’]C_

O-
t;, ty .. by _\O- 2 /

II
SO Instance I SG(’) I{n(st?n;:’e)}
). y WS U idsier) 2
ek Size: O(k* - ) Gok,..1)
. Parameter: k' = kk*1
Parameter: k VES: OPT(I') = K
VES: OPTU) = K NO: OPT(I') < ' '
e a-tvi k* copies of G
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Wlodarczyk’s Gap Amplification Step

k copies of G
Sl SZ Sk i
OO O -0—@———0O [O—0—@ 0—0——O
G G% G% - G’]C_

O-
t;, ty .. by _\O- 2 /

II
SO Instance I SG(’) I{n(st?n;:’e)}
). y WS U idsier) 2
ek Size: O(k* - ) Gok,..1)
. Parameter: k' = kk*1
Parameter: k VES: OPT(I') = K
VES: OPTU) = K NO: OPT(I') < ' '
e a-tvi k* copies of G
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Wlodarczyk’s Gap Amplification Step

k copies of G
St S2 Sk .
OO O -0—@———0O [O—0—@ 0—0——O
6 i 63 &

O-
t;, ty .. by _\O- 2 /

II
SO Instance I SG(,) I{n(st,a n:::’e »
Y y WS U i)siek’) 2
g; {.(Sl; tl)}lE[k] Size: O(kk . n) / G(Z,k ,,,,, 1)
ze-n Parameter: k' = kk*1 ¥/
Parameter: k YES: OPT(I') = K’ 90— 0@
YES: OPT(I) = k NO: OPT(I') < \ Y
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Wlodarczyk’s Gap Amplification Step

k copies of G
Sl SZ Sk i
OO O -0—@———0O [O—0—@ 0—0——O
G G% G% - G’]C_

O-
t;, ty .. by _\O- 2 /

II
SO Instance I SO Instance

(R TCER )} 2
G,{(Si, ti)}ie[k) Size: O(I;k ,;) l‘e/[ : G(Z,k ..... 1)
Sizern Parameter: k' = kk*1 ¥/
Parameter: k YES: OPT(I') = k' -O—O—O-
YES: OPT(I) = k NO: OPT() < , :
NO: OPT() <k —1 'k,(l _1 I/k)

k* copies of G
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Wlodarczyk’s Gap Amplification Step

k copies of G
S1 Sy Sk .

II
SO Instance I SO Instance

G’, s’ ) 'Y
G, {(Sir ti)}ie[k] {( i 1)}le[k ]

"] G 2
. k.
Size:n Size: O(k n,) /k+1 (2,k,...1
Parameter: k' = k ‘(
Parameter: k VES: OPT(I') = K’
YES: OPT(I) =k ' - .

NO: OPT(I') <
NO: OPT(I) < k —1
0= k'(1-1.1/k)

k* copies of G
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Wlodarczyk’s Gap Amplification Step

k copies of G
S Sy .. Sk

1SRl = T g (S
s o lea allsa o Lo

()

tl tz tk

SO Instance I A0 {
SO Instance I . {n(s ,an;:’e)}

). y WS U idsier) 2
oo tbet Size: O(k¥ ) o/ Giok,.1
. Parameter: k' = kk*1 ‘(

Parameter: k VES: OPT(I') = K’
E RO NO: OPT(I') < ' : :
e a- e k* copies of G
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Wlodarczyk’s Gap Amplification Step

k copies of G
S Sy .. Sk

T’_Cr(;j} '11."??_?.1'
s o lea allse o Loy

()

tl tz e tk

SO Instance I’ Q¢ o
SO Instance I . {n(s ,an;:’e)}

). y WS U idsier) 2
sclze{(: Ohern Size: O(k* - n) Giok,..1)
Para.meter- k Parameter: k' = kk+1 ‘/
' YES: OPT(I") = k'

YES: OPT(I) = k o OPT((I,)) = . O O | ) |
e a-tvi k* copies of G
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Wlodarczyk’s Gap Amplification Step

k copies of G
S Sy .. Sk

Tﬁ(}}' '11.".1_?_?.1'
¥ N A B e R\ e D VI o

()

tq ty Ty

SO Inst r Y T
SO Instance I G' {n(s ,al n:::’e )}

S . . . 4
G, {(s; tD}; okt
Sizé(nl 1)}l€[k] Size: 0(k* - n) / )
Para.meter- k Paremeter: k- = kl;‘{
: YES: OPT(I") = k'

YES: OPT(I) = k NO: OPT((]’))< : 2 = ' = |
NO: OPT(I) < k —1 K'(1—1.1/k) k* copies of G

Parameterized Inapproximability
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Wlodarczyk’s Gap Amplification Step

k copies of G
St S2 Sk .
4 0—-0——O0 [OO0—@ 0—O0—O
! G > Gl G2 Gl
b o Thought Experiment
SO Instance I’ What happens if we
SO Instance I 6 (s ') use complete bipartite
AT ’ b i)Jig[k'] 2 .
sG', {.(sl, t)}ic[k] Size: Ok 1) o G (2.k,..1) 7rapl;s in the bottom
e Parameter: k' = kk*1 ¥ ayer:
Parameter: k , ,
ES: OPT(D) = k YES: OPT(I") = k' o - O—O——0O-
’ L NO: OPT(I") < ‘ Y )
NO: OPT(I) < k — 1 o AT ek copies of G
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Wlodarczyk’s Gap Amplification Step

k copies of G

S1 82

%O
‘ij-
j
j-

btz - i Thought Experiment
SO Instance I e e v

SO Instance I 6 (s ') use complete bipartite
G, {(si, ti)}icpx e b el K “** | graphs in the bottom
Size: 1 Size: 0(k™ - n) / ) ) 5

' Parameter: k' = kk*1 ‘( ayer:
Parameter: k , ,
ES: OPT(D) = k YES: OPT(I") = k' o -6—0—6-

_' . NO: OPT(I') < ' ' '
NO: OPT(I) < k — 1 KL 11/ K copies of Ky «
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Wlodarczyk’s Gap Amplification Step

k copies of G
S1 S .. Sk .
¢ % 3 IR i %
oz . Thought Experiment
SO Instance I’ What happens if we
SO Instance I 6 (s ') use complete bipartite
G, {(si, ti)}icpx e b el K “** | graphs in the bottom
Size: 1 Size: 0 (k™ - n) / ) p .
Para.meter- I Parameter: k' = kk+1 \/ ayer:
' YES: OPT(I) = k' o 6 6
YES: OPT(I) = k NO: OPT(I') < . : )
NO: OPT(I) < k — 1 T
-tk k* copies of Ky OPT(I") < k'(1—1/k)

Parameterized Inapproximability
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Wlodarczyk’s Gap Amplification Step

k copies of G

1 2 e . ' . |
G x x ; Gl ; X G1 ; ; 1 x
5

II
SO Instance I SO Instance

G’, s’ ) 'Y
G, {(Sir ti)}ie[k] {( i 1)}le[k ]

. k.
Size:n Size: O(k n,) /k+1 (2,k,...1
Parameter: k' = k ‘(
Parameter: k VES: OPT(I') = k’/
YES: OPT(I) =k ' - .

NO: OPT(I') <
NO:OPT(I) <k -1
SOPICY = kK'(1—1.1/k)

k* copies of G
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Wlodarczyk’s Gap Amplification Step

k copies of G

i T

S1 Sy .. Sk

G e . B
t1 © Ty
Advantage over Thought
SO Instance I’ Experiment
SO Instance I G (st )} icrrr 5 Even if every pair is
G, {(si, ti)}iE[k] i , 0 ];;( . l l‘e/[k ) (2,k,...1 " | connected in the top layer,
Size:n ize: O (k™ - m) e get k — 1 instead of k
: / k+1
Parameter: k' = k \/
Parameter: k YES: OPT(I') = K’ /
YES: OPT(I) = k : o ) ; @
NO: OPT(I) < k — 1 Ne I = '
S = LR Ik copies of G Results in Gap Amplification

Parameterized Inapproximability

Pasin Manurangsi



Concluding Remarks

- Useful not just for ruling out approximation algorithms
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Parameterized Inapproximability: Recent Developments

[Chen-Lin"16, KLM’18]

WI[1] # FPT § k-Dominating Set | k-Tournament Dominating Set
Require WI[P] = FPT ‘\v e [Marx 10] ¥ Minimum Monotone Circuit SAT [BCNS 14] " Target Set Selection
o . ” \' Q/W’
Theorems k-Odd Set Even Set
/F V4
| o SETH O k-Closest Vector Problem (B T3] Shortest Vector Problem
O Gap |
k-Steiner Orientation fe= » Maximum Directed Multicut
k-Clique § Max Subgraph with Hereditary Property
Gap —] Max Induced Matching

Gap-ETH

k-Biclique

[CFM’18] | Strongly Connected

Densest k-Subgraph

Gap-l?rgservmg/ o [LRSZ'17) '| Steiner Subgraph
Amplifying o Directed Odd Cycle Traversal k-Mean
Reductions L18]

Max k-Coverage + k-Median
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Parameterized Inapproximability: Recent Developments

[Chen-Lin"16, KLM’18]

WI[1] # FPT § k-Dominating Set | k-Tournament Dominating Set
Require WI[P] = FPT ‘\v e [Marx 10] ¥ Minimum Monotone Circuit SAT [BCNS 14] " Target Set Selection
o . ” \' Q/W’
Theorems k-Odd Set Even Set
/F V4
| Y= SETH A k-Closest Vector Problem ———<2 25 fiShortest Vector Problem
O Gap |
k-Steiner Orientation fe= » Maximum Directed Multicut
k-Clique § Max Subgraph with Hereditary Property
Gap —] Max Induced Matching

Gap-ETH

k-Biclique

[CFM’18] | Strongly Connected

Densest k-Subgraph

Gap-l?rgservmg/ o [LRSZ'17) '| Steiner Subgraph
Amplifying o Directed Odd Cycle Traversal k-Mean
Reductions L18]

Max k-Coverage + k-Median
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Concluding Remarks

- Useful not just for ruling out approximation algorithms

- Many open problems:
- Directed Odd Cycle Traversal, Minimum k-Cut, ...

- W/[1]-Completeness of Approximating k-Clique?

- W][2]-Completeness of Approximating k-Domset?
- Unify Gap-Producing Techniques?

- Try to understand the hypotheses better
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Complexity Assumptions

Exponential Time Hypotheses

Exponential time Hypothesis (ETH) /impagliazzo, Paturi’01]
No 2°(_time algo can decide whether a 3CNF formula is satisfiable

i

Strong ETH (SETH) [impagliazzo, Paturi’01]
For any constant & > 0, no 0(2( ~®™)-time algorithm
can decide whether a CNF formula is satisfiable

Gap ETH (Gap—ETH) [Dinur’16] [M, Raghavendra’16]
For some constant 8§ > 0, no 2°M-time algorithm can
distinguish between a satisfiable CNF formula and one
which is not even (1 — §)-satisfiable.

Parameterized Inapproximability

Parameterized Complexity

WI[1] # FPT Assumption [Downey, Fellows’92]

For any function f, no f(k)n®®-time algo can
decide whether a given graph contains a k-clique

L

WI[2] # FPT Assumption [Downey, Fellows'92]

For any function f, no f (kK)n®®-time algo can decide
whether a given graph contains a dominating set of size k

Parameterized Inapproximability Hypothesis
(PlH) [Lokshtanov, Ramanujan, Saurabh, Zehavi’17]
For some & > 0 and any function £, no f(k)n°®-time
algo can distinguish between a satisfiable 2CSP instance
with k variables and alphabet size n and one which is
not even (1 — §)-satisfiable.
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